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1 Introduction

Convexity plays an important role across numerous mathematical and applied disciplines, in-
cluding economics, optimization, game theory, and the study of integral inequalities. For suffi-
ciently smooth functions, convexity is typically characterized by the sign of the second derivative.
Owing to its vast applicability, the concept has undergone significant generalizations and exten-
sions over time. Its intrinsic connection with inequality theory has been particularly influential,
facilitating major advances in areas such as differential equations, numerical analysis, and opti-
mization theory. This synergy has inspired the development of stable and accurate analytical and
computational techniques capable of handling increasingly complex systems. For detailed discus-
sions on quadrature formulas and related results, the reader is referred to [4, 8]. The fundamental
definition of convexity is given as follows;

Definition 1.1. [19] If ξ : İ → R is convex on İ and let İ be a convex set on R then,

ξ (γℵ+ (1− γ)κ) ≤ γξ (ℵ) + (1− γ) ξ (κ) ,

for all ℵ, κ ∈ İ and γ ∈ [0, 1].

Integral inequalities are powerful analytical tools withwide-ranging applications in areas such
as spectral analysis, approximation theory, statistics, and distribution theory. They play a key
role in providing precise bounds and estimates, which are essential for analyzing mathematical
models and addressing problems across multiple disciplines. In particular, research on numer-
ical integration and its associated error estimates holds an important place in the mathematical
literature. Many studies focus on deriving inequalities that yield error bounds for various classes
of functions, including bounded and Lipschitz functions. These bounds are instrumental in as-
sessing the accuracy and stability of numerical integration schemes. In this context, Simpson-type
inequalities have been formulated for different classes of convex functions [24].

Fractional calculus represents a major advancement over classical analysis, as it extends in-
tegral and differential operators to non-integer orders. This generalization provides a powerful
framework for modeling systems with memory and hereditary effects. It is particularly valuable
for describing dynamic processes and complex materials. Its ability to capture intricate behav-
iors has led to widespread applications across scientific and engineering disciplines, demonstrat-
ing both versatility and significant impact. You may find detailed examples and real-world uses,
[26, 21].

The study of error estimates for differentiable, twice differentiable, and n−times differentiable
functions remains a fundamental aspect of mathematical analysis. In this regard, trapezoid-type
inequalities have been established for several categories of functions, such as differentiable convex
functions [15], bounded functions [12, 13], Lipschitz functions [3], functions of bounded variation
[14], twice differentiable convex functions [28] and Ostrowski-type inequalities based on multi-
step linear kernel [2] have further refined existing bounds. Fractional extensions of trapezoid-type
inequalities have been addressed in [30], while midpoint-type inequalities have been developed
for fractional integrals [18], differentiable convex functions [20], and twice differentiable convex
functions [29]. More recently, a growing body of work [17, 27] has focused on deriving significant
new inequalities, including those of Simpson’s type which is defined as,⃓⃓⃓⃓

1

3

[︃
ξ (ℵ) + ξ (κ)

2
+ 2ξ

(︃
ℵ+ κ

2

)︃
− 1

κ− ℵ

∫︂ κ

ℵ
ξ (z) dz

]︃⃓⃓⃓⃓
≤ (κ− ℵ)4

2880

⃦⃦⃦
ξ(4)
⃦⃦⃦
∞

,
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where ξ : [ℵ, κ] → R is a four time differentiable function on (ℵ, κ) and⃦⃦⃦
ξ(4)
⃦⃦⃦
∞

= sup
x∈(ℵ,κ)

⃓⃓⃓
ξ(4) (x)

⃓⃓⃓
< ∞.

Definition 1.2. Suppose that ξ : [ℵ, κ] → R is a four-times continuously differentiable mapping on (ℵ, κ),
and let

⃦⃦
ξ(4)
⃦⃦
∞ = supx∈(ℵ,κ)

⃓⃓
ξ(4) (x) dx

⃓⃓
< ∞. Then, one has the inequality [6] as followed,⃓⃓⃓⃓

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 1

κ− ℵ

∫︂ κ

ℵ
ξ (z) dz

⃓⃓⃓⃓
≤ 7 (κ− ℵ)4

23040

⃦⃦⃦
ξ(4)
⃦⃦⃦
∞

.

Definition 1.3. [22] Let ξ ∈ Ĺ [ℵ, κ] , ρ > 0 then the left and right sides of Riemann-Liouville fractional
integrals is defined as:

İρℵ+ξ (γ) =
1

Γ (ρ)

Ĺ∫︂
ℵ

(︂
Ĺ− γ

)︂ρ−1

ξ (γ) dγ, Ĺ > ℵ,

İρκ−ξ (γ) =
1

Γ (ρ)

κ∫︂
Ĺ

(︂
γ − Ĺ

)︂ρ−1

ξ (γ) dγ, Ĺ < κ,

where, Γ (ρ) is gamma function,

İρℵ+ξ (γ) = İρκ−ξ (γ) = ξ (γ) .

Theorem 1.1. [7] Let ξ : [ℵ, κ] → R be a differentiable function on Io, ℵ, κ ∈ Io with ℵ < κ, where
ξ′ ∈ L [ℵ, κ]. If |ξ′| is convex function on [ℵ, κ], then we get the following inequality holds,⃓⃓⃓⃓

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2ρ−1Γ (ρ+ 1)

(κ− ℵ)ρ
[︃
Jρ
ℵ+ξ

(︃
ℵ+ κ

2

)︃
+ Jρ

ℵ−ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)

12

(︃
ρ+ 4

ρ+ 1

)︃
(|ξ′ (ℵ)|+ |ξ′ (κ)|) .

Proposition 1.1. If we take ρ = 1 in Theorem 1.1, we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 1

κ− ℵ

∫︂ κ

ℵ
ξ (z) dz

⃓⃓⃓⃓
≤ 5 (κ− ℵ)

24
(|ξ′ (ℵ)|+ |ξ′ (κ)|) .

Theorem 1.2. [7] Let ξ : [ℵ, κ] → R be a differentiable function on Io, ℵ, κ ∈ Io with ℵ < κ, where
ξ′ ∈ L [ℵ, κ]. If |ξ′| is an L-Lipschitz function on [ℵ, κ], then we get the following inequality holds,⃓⃓⃓⃓

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2ρ−1Γ (ρ+ 1)

(κ− ℵ)ρ
[︃
Jρ
ℵ+ξ

(︃
ℵ+ κ

2

)︃
+ Jρ

ℵ−ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)2

24

(︃
ρ+ 8

ρ+ 2

)︃
L.

Proposition 1.2. If we take ρ = 1 in Theorem 1.2, we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 1

κ− ℵ

∫︂ κ

ℵ
ξ (z) dz

⃓⃓⃓⃓
≤ (κ− ℵ)2

8
L.
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Definition 1.4. [11] Let H ′
(ℵ, κ) be the Sobolev space of order one defined as,

H1 (ℵ, κ) =
{︁
g ∈ L2 (ℵ, κ) : g′ ∈ L2 (ℵ, κ)

}︁
,

where

L2 (ℵ, κ) =

{︄
g (z) :

(︃∫︂ κ

ℵ
g2 (z) dz

)︃ 1
2

< ∞

}︄
.

Let ξ ∈ H
′
(ℵ, κ), ℵ < κ, ρ ∈ [0, 1], then the notion of left derivative in the sense of Caputo-Fabrizio is

defined as,

(︁
CFD
ℵ Dρξ

)︁
(z) =

β (ρ)

1− ρ

∫︂ z

ℵ
ξ
′
(γ) e

−ρ(z−γ)ρ

1−ρ dγ,

where z > ρ and the associated integral operator is(︁
CF
ℵ Iρξ

)︁
(z) =

1− ρ

β (ρ)
ξ (z) +

ρ

β (ρ)

∫︂ z

ℵ
ξ (γ) dγ,

where β (ρ) > 0 is the normalization function satisfying β(0) = β(1) = 1. For ρ = 0, ρ = 1, the left
derivative is defined as follows, respectively,(︁

CFD
ℵ D0ξ

)︁
(z) = ξ′ (z) ,(︁

CFD
ℵ D1ξ

)︁
(z) = ξ (z)− ξ (ℵ) .

For the right derivative operator,

(︁
CFD
κ Dρξ

)︁
(z) =

β (ρ)

1− ρ

∫︂ κ

z

ξ′ (γ) e
−ρ(z−γ)ρ

1−ρ dγ,

where z < κ and the associated integral operator is(︁
CF Iρκξ

)︁
(z) =

1− ρ

β (ρ)
ξ (z) +

ρ

β (ρ)

∫︂ κ

z

ξ (γ) dγ,

where β (ρ) > 0 is a normalization function that satisfies β (0) = β (1) = 1.

Theorem 1.3. [25] Let ξ : [ℵ, κ] → R be a differentiable function on Io, ℵ, κ ∈ Io with ℵ < κ, where
ξ′ ∈ L [ℵ, κ]. If ξ′ is an L-Lipschitz function on [ℵ, κ], then we have⃓⃓⃓⃓

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− β (ρ)

ρ (κ− ℵ)
[︁(︁(︁

CF
ℵ Iρξ

)︁
(z) +

(︁
CF Iρκξ

)︁
(z)
)︁]︁

+
2 (1− ρ)

β (ρ)
ξ (z)

⃓⃓⃓⃓
≤ 7 (κ− ℵ)2

24
L.

Theorem 1.4. [25] Let ξ : [ℵ, κ] → R be a differentiable function on Io, ℵ, κ ∈ Io with ℵ < κ, where
ξ′ ∈ L [ℵ, κ]. If there exits constants−∞ < m < M < +∞ such thatm ≤ ξ′ (γ) ≤ M , for all γ ∈ [ℵ, κ],
then we have⃓⃓⃓⃓

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− β (ρ)

ρ (κ− ℵ)
[︁(︁(︁

CF
ℵ Iρξ

)︁
(z) +

(︁
CF Iρκξ

)︁
(z)
)︁]︁

+
2 (1− ρ)

β (ρ)
ξ (z)

⃓⃓⃓⃓
≤ 5 (κ− ℵ)

24
(M −m) .
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The concept of the Atangana-Baleanu fractional integral operatorwas first established byAtan-
gana and Baleanu [5] and it is defined in the following form.

Definition 1.5. [1, 5] The fractional integral operator with non-local kernel of function ξ ∈ H
′
(ℵ, κ) is

defined as,

AB
κ Iργ (ξ (γ)) =

1− ρ

β (ρ)
ξ (z) +

ρ

β (ρ) Γ (ρ)

∫︂ γ

x

ξ (z) (γ − z)
ρ−1

dz,

and right hand sides of AB-fractional operator,

AB
γ Iρℵ (ξ (γ)) =

1− ρ

β (ρ)
ξ (z) +

ρ

β (ρ) Γ (ρ)

∫︂ ℵ

γ

ξ (z) (z − γ)
ρ−1

dz.

Recent research has advanced the theory of integral inequalities through the incorporation of
fractional operators and kernel-based techniques. Milne- and Hermite-Hadamard-type inequali-
ties have been developed using multiplicative calculus [32], and new fractal-fractional parametric
inequalities have been introduced [10]. Bullen-type inequalities have been derived via fractional
integral operators [16]. Additionally, trapezoid-type inequalities involving proportional Caputo-
hybrid operators [31] and fractional Milne-type inequalities with applications in applied mathe-
matics [9] have been formulated. Collectively, these studies underscore the continuing evolution
of convexity-based and fractional inequality analysis in contemporary mathematical research.

The main aim of this work is to establish a new identity for the Atangana-Baleanu operator.
Using this identity, we derive a fractional variant of Milne-type inequalities for functions whose
absolute values of derivatives exhibit convexity. The approach incorporates well-known inequal-
ities such as the power mean inequality and Hölder’s inequality, as well as results for bounded
functions, to obtain supporting estimates. Finally, several applications are presented, including
refinements for special means and error bounds for quadrature formulas.

2 Main results

We begin by formulating a Milne-type integral identity for the Atangana–Baleanu fractional
integral, which serves as a foundational component of this study.

Lemma 2.1. Let a differentiable function on (ℵ, κ) from ξ : [ℵ, κ] → R, with ℵ < κ. If ξ ′ ∈ Ĺ [ℵ, κ] with
0 < ρ ≤ 1, then the following equality holds,

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

− 2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃

=
(κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

⎡⎣ 1∫︂
0

(︃
γρ − 4

3

)︃
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃
dγ

+

1∫︂
0

(︃
γρ +

1

3

)︃
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃
dγ

⎤⎦ .

(1)
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Proof. Integration by parts, each integral can be evaluated as follows,

İ1 =

1∫︂
0

(︃
γρ − 4

3

)︃
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃
dγ

=

(︃
γρ − 4

3

)︃
ξ
(1− γ)ℵ+ γ

(︁ℵ+κ
2

)︁(︁
κ−ℵ
2

)︁ ⃓⃓⃓⃓
⃓
1

0

− 2ρ

κ− ℵ

1∫︂
0

γρ−1ξ

[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃
dγ

=
2

3 (κ− ℵ)

[︃
−ξ

(︃
ℵ+ κ

2

)︃
+ 4ξ (ℵ)

]︃
− 2ρ

κ− ℵ

1∫︂
0

γρ−1ξ

[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃
dγ

=
(κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

{︃
2

3 (κ− ℵ)

[︃
−ξ

(︃
ℵ+ κ

2

)︃
+ 4ξ (ℵ)

]︃}︃

− (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎧⎪⎨⎪⎩ 2ρ+1ρ

(κ− ℵ)ρ+1

ℵ+κ
2∫︂
ℵ

ξ (y)

(︃
ℵ+ κ

2
− y

)︃ρ−1

dy

⎫⎪⎬⎪⎭
=

1

2ρδ (ρ) Γ (ρ)

[︃
−1

3
ξ

(︃
ℵ+ κ

2

)︃
+

4

3
ξ (ℵ)

]︃
− ρ

(κ− ℵ)ρ δ (ρ) Γ (ρ)

ℵ+κ
2∫︂
ℵ

ξ (y)

(︃
ℵ+ κ

2
− y

)︃ρ−1

dy.

(2)

Simple calculation analogously,

İ2 =

1∫︂
0

(︃
γρ +

1

3

)︃
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃
dγ

=

(︃
γρ +

1

3

)︃
ξ (1− γ)

(︁ℵ+κ
2

)︁
+ γκ

⃓⃓1
0(︁

κ−ℵ
2

)︁ − 2ρ

κ− ℵ

1∫︂
0

γρ−1ξ

[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃
dγ

=
(κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

{︃
2

3 (κ− ℵ)

[︃
4ξ (κ)− ξ

(︃
ℵ+ κ

2

)︃]︃}︃

− (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎧⎪⎨⎪⎩ 2ρ+1ρ

(κ− ℵ)ρ+1

κ∫︂
ℵ+κ

2

ξ (y)

(︃
y − ℵ+ κ

2

)︃ρ−1

dy

⎫⎪⎬⎪⎭
=

1

2ρδ (ρ) Γ (ρ)

[︃
4

3
ξ (κ)− 1

3
ξ

(︃
ℵ+ κ

2

)︃]︃
− ρ

(κ− ℵ)ρ δ (ρ) Γ (ρ)

κ∫︂
ℵ+κ

2

ξ (y)

(︃
y − ℵ+ κ

2

)︃ρ−1

dy.

(3)

By adding (2) and (3) and adding 2(1−ρ)
δ(ρ) ξ (z), we get

I =
(︂
İ1 + İ2

)︂
+

2 (1− ρ)

δ (ρ)
ξ (z)

=
1

2ρδ (ρ) Γ (ρ)

[︃
4

3
ξ (ℵ)− 2

3
ξ

(︃
ℵ+ κ

2

)︃
+

4

3
ξ (κ)

]︃
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− 1

2ρ (κ− ℵ)ρ

⎡⎢⎣ ρ

δ (ρ) Γ (ρ)

κ∫︂
ℵ+κ

2

ξ (y)

(︃
y − ℵ+ κ

2

)︃ρ−1

dy

+
ρ

δ (ρ) Γ (ρ)

ℵ+κ
2∫︂
ℵ

ξ (y)

(︃
ℵ+ κ

2
− y

)︃ρ−1

dy

⎤⎥⎦+
2 (1− ρ)

δ (ρ)
ξ (z)

=
2

2ρδ (ρ) Γ (ρ)

[︃
2

3
ξ (ℵ)− 1

3
ξ

(︃
ℵ+ κ

2

)︃
+

2

3
ξ (κ)

]︃
− 1

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃
− 2 (1− ρ)

δ (ρ)
ξ (z) .

Hence, by multiplying the above result by 2ρδ (ρ) Γ (ρ)

2
, we obtain our required identity (1).

Remark 2.1. In the above Lemma 2.1 put ρ = 1, we get⃓⃓⃓⃓
⃓⃓13
[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 1

κ− ℵ

κ∫︂
ℵ

ξ (u) du

⃓⃓⃓⃓
⃓⃓

=
κ− ℵ
4

⎡⎣ 1∫︂
0

(︃
γ − 4

3

)︃
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃
dγ

+

1∫︂
0

(︃
γ +

1

3

)︃
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃
dγ

⎤⎦ .

We now proceed to state the principal inequality associated with convexity.

Theorem 2.1. Let a differentiable function on (ℵ, κ) from ξ : [ℵ, κ] → R, with ℵ < κ. If ξ ′ ∈ Ĺ [ℵ, κ]
with 0 < ρ ≤ 1 and |ξ′| is a convex on [ℵ, κ], then the following inequality holds,⃓⃓⃓⃓

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

[︃(︃
2

3
− 1

1 + ρ
+

1

2 + ρ

)︃
(|ξ′ (ℵ)|+ |ξ′ (κ)|)

+

(︃
5

6
+

1

1 + ρ
− 2

2 + ρ

)︃ ⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓]︃
.

Proof. From Lemma 2.1 and convexity, it follows that,⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
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≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎡⎣ 1∫︂
0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
dγ

+

1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃⃓⃓⃓⃓
dγ

⎤⎦
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

⎡⎣ 1∫︂
0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓ (︃
(1− γ) |ξ′ (ℵ)|+ γ

⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓)︃
dγ

+

1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓ (︃
(1− γ)

⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓
+ γ |ξ′ (κ)|

)︃
dγ

⎤⎦
=

(κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

[︃(︃
2

3
− 1

1 + ρ
+

1

2 + ρ

)︃
(|ξ′ (ℵ)|+ |ξ′ (κ)|)

+

(︃
5

6
+

1

1 + ρ
− 2

2 + ρ

)︃ ⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓]︃
.

The proof is completed.

Corollary 2.1. In Theorem 2.1, we use the further convexity of |ξ′|, we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

(︃
7 + 13ρ

12 + 12ρ

)︃
[|ξ′ (ℵ)|+ |ξ′ (κ)|] .

Remark 2.2. Choosing ρ = 1 in the Corollary 2.1, we have⃓⃓⃓⃓
⃓⃓13
[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 1

κ− ℵ

κ∫︂
ℵ

ξ (u) du

⃓⃓⃓⃓
⃓⃓ ≤ 5 (κ− ℵ)

24
[|ξ′ (ℵ)|+ |ξ′ (κ)|] .

The graph representation of the error bound is illustrated in Figure 1.

Figure 1: Graphical representation of the error bound in Remark 2.2, for ξ (u) = eu and s ∈ [ℵ, κ] = [14, 18], where s denotes the
evaluation point used to compare the left and right hand sides of the inequality.
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Theorem 2.2. Let ξ : [ℵ, κ] → R be a differentiable function on (ℵ, κ) with ℵ < κ, 0 < ρ ≤ 1. If
ξ

′ ∈ Ĺ [ℵ, κ] and mapping |ξ′|q with q > 1 and 1

p
+

1

q
= 1, is a convex on [ℵ, κ], then the following

inequality holds,⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓

≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

(︄
ρ
(︁
4p+1 − 1

)︁
3p+1 (p+ 1)

)︄ 1
p (︃

1

ρ+ 1

)︃ 1
q

×

[︄(︃
|ξ′ (ℵ)|q +

⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q)︃ 1
q

+

(︃⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q
+ |ξ′ (κ)|q

)︃ 1
q

]︄
.

Proof. Again by using Lemma 2.1, we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓

≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎡⎣ 1∫︂
0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
dγ

+

1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃⃓⃓⃓⃓
dγ

⎤⎦ .

(4)

Using Hölder’s inequality in (4) and convexity of |ξ′|q , we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓

≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎡⎢⎣
⎛⎝ 1∫︂

0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓p
dγ

⎞⎠
1
p
⎛⎝ 1∫︂

0

⃓⃓⃓⃓
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓q
dγ

⎞⎠
1
q

+

⎛⎝ 1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓p
dγ

⎞⎠
1
p
⎛⎝ 1∫︂

0

⃓⃓⃓⃓
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃⃓⃓⃓⃓q
dγ

⎞⎠
1
q

⎤⎥⎦
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

⎡⎢⎣
⎛⎝ 1∫︂

0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓p
dγ

⎞⎠
1
p
⎛⎝ 1∫︂

0

(︃
(1− γ) |ξ′ (ℵ)|q + γ

⃓⃓⃓⃓
ξ

(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q)︃
dγ

⎞⎠
1
q
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+

⎛⎝ 1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓p
dγ

⎞⎠
1
p
⎛⎝ 1∫︂

0

(︃
(1− γ)

⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q
+ γ |ξ′ (κ)|q

)︃
dγ

⎞⎠
1
q

⎤⎥⎦
=

(κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

(︄
ρ
(︁
4p+1 − 1

)︁
3p+1 (p+ 1)

)︄ 1
p (︃

1

ρ+ 1

)︃ 1
q

×

[︄(︃
|ξ′ (ℵ)|q +

⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q)︃ 1
q

+

(︃⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q
+ |ξ′ (κ)|q

)︃ 1
q

]︄
.

The proof is completed.

Remark 2.3. In Theorem 2.2, by choosing ρ = 1, then we have⃓⃓⃓⃓
⃓⃓13
[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 1

κ− ℵ

κ∫︂
ℵ

ξ (u) du

⃓⃓⃓⃓
⃓⃓

≤ (κ− ℵ)
4

(︄ (︁
4p+1 − 1

)︁
3p+1 (p+ 1)

)︄ 1
p
[︄(︃

3 |ξ′ (ℵ)|q + |ξ′ (κ)|q

4

)︃ 1
q

+

(︃
|ξ′ (ℵ)|q + 3 |ξ′ (κ)|q

4

)︃ 1
q

]︄
.

The graph representation of the error bound is illustrated in Figure 2.

Figure 2: Graphical representation of the error bound in Remark 2.3, for ξ (u) = eu and s ∈ [ℵ, κ] = [14, 18], where s denotes the
evaluation point used to compare the left and right hand sides of the inequality.

Theorem 2.3. Let ξ : [ℵ, κ] → R be a differentiable function on (ℵ, κ) with ℵ < κ, 0 < ρ ≤ 1. If
ξ

′ ∈ Ĺ [ℵ, κ] and mapping |ξ′|q with q ≥ 1 is a convex on [ℵ, κ], then the following inequality holds,⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

[︄(︃
4

3
− 1

ρ+ 1

)︃1− 1
q
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×
(︃(︃

2

3
− 1

ρ+ 1
+

1

ρ+ 2

)︃
|ξ′ (ℵ)|q +

(︃
2

3
− 1

ρ+ 2

)︃ ⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q)︃ 1
q

+

(︃
1

3
+

1

ρ+ 1

)︃1− 1
q

×
(︃(︃

1

6
+

1

ρ+ 1
− 1

ρ+ 2

)︃ ⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q
+

(︃
1

6
+

1

ρ+ 2

)︃
|ξ′ (κ)|q

)︃ 1
q

]︄
.

Proof. Assuming q ≥ 1 and using Lemma 2.1, along with the power mean integral inequality and
convexity of |ξ′|q , we derive⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓

≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎡⎣ 1∫︂
0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
dγ

+

1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃⃓⃓⃓⃓
dγ

⎤⎦

≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎡⎢⎣
⎛⎝ 1∫︂

0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓
dγ

⎞⎠1− 1
q
⎛⎝ 1∫︂

0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓q
dγ

⎞⎠
1
q

+

⎛⎝ 1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓
dγ

⎞⎠1− 1
q
⎛⎝ 1∫︂

0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃⃓⃓⃓⃓q
dγ

⎞⎠
1
q

⎤⎥⎦
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

[︄(︃
4

3
− 1

ρ+ 1

)︃1− 1
q
(︃(︃

2

3
− 1

ρ+ 1
+

1

ρ+ 2

)︃
|ξ′ (ℵ)|q +

(︃
2

3
− 1

ρ+ 2

)︃ ⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q)︃ 1
q

+

(︃
1

3
+

1

ρ+ 1

)︃1− 1
q
(︃(︃

1

6
+

1

ρ+ 1
− 1

ρ+ 2

)︃ ⃓⃓⃓⃓
ξ′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q
+

(︃
1

6
+

1

ρ+ 2

)︃
|ξ′ (κ)|q

)︃ 1
q

]︄
.

The proof is completed.

Theorem 2.4. Let ξ : [ℵ, κ] → R be a differentiable function on (ℵ, κ) with ℵ < κ, 0 < ρ ≤ 1. If
ξ

′ ∈ Ĺ [ℵ, κ] and mapping | ξ′|q with q > 1 and 1
p +

1
q = 1, is a convex on [ℵ, κ], then we get the following

inequality holds,⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

[︄
1

p

(︄
ρ
(︁
4p+1 − 1

)︁
3−1−p

1 + p

)︄
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+
1

q

⎛⎝⎛⎝ |ξ′ (ℵ)|q +
⃓⃓⃓
ξ
′ (︁ℵ+κ

2

)︁⃓⃓⃓q
ρ+ 1

⎞⎠+

⎛⎝
⃓⃓⃓
ξ
′ (︁ℵ+κ

2

)︁⃓⃓⃓q
+ |ξ′ (κ)|q

ρ+ 1

⎞⎠⎞⎠⎤⎦ .

Proof. From Lemma 2.1, we get⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓

≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎡⎣ 1∫︂
0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
dγ

+

1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃⃓⃓⃓⃓
dγ

⎤⎦ .

By using the Young’s inequality, we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓

≤ (κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

⎡⎣⎛⎝1

p

1∫︂
0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓p
dγ

⎞⎠+
1

q

⎛⎝ 1∫︂
0

⃓⃓⃓⃓
ξ′
(︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃)︃⃓⃓⃓⃓
dγ

⎞⎠q

+

⎛⎝1

p

1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓p
dγ

⎞⎠+
1

q

⎛⎝ 1∫︂
0

⃓⃓⃓⃓
ξ′
[︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

]︃⃓⃓⃓⃓
dγ

⎞⎠q⎤⎦
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

⎡⎣⎛⎝1

p

1∫︂
0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓p
dγ

⎞⎠+
1

q

⎛⎝ 1∫︂
0

(︃
(1− γ) |ξ′ (ℵ)|q + γ

⃓⃓⃓⃓
ξ
′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q)︃
dγ

⎞⎠
+

⎛⎝1

p

1∫︂
0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓p
dγ

⎞⎠+
1

q

⎛⎝ 1∫︂
0

(︃
(1− γ)

⃓⃓⃓⃓
ξ
′
(︃
ℵ+ κ

2

)︃⃓⃓⃓⃓q
+ γ |ξ′ (κ)|q

)︃
dγ

⎞⎠⎤⎦
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

[︄
1

p

(︄
ρ
(︁
4p+1 − 1

)︁
3−1−p

1 + p

)︄

+
1

q

⎛⎝⎛⎝ |ξ′ (ℵ)|q +
⃓⃓⃓
ξ
′ (︁ℵ+κ

2

)︁⃓⃓⃓q
ρ+ 1

⎞⎠+

⎛⎝
⃓⃓⃓
ξ
′ (︁ℵ+κ

2

)︁⃓⃓⃓q
+ |ξ′ (κ)|q

ρ+ 1

⎞⎠⎞⎠⎤⎦ .

This completes the proof.

Theorem 2.5. Let ξ : [ℵ, κ] → R be a differentiable function on (ℵ, κ) with ℵ < κ, 0 < ρ ≤ 1 where
ξ

′ ∈ Ĺ [ℵ, κ] . If there exits constants −∞ < m < M < +∞ such that m ≤ ξ
′
(γ) ≤ M , for all
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γ ∈ [ℵ, κ], then we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ) (4ρ+ 1)

2ρ+2δ (ρ) Γ (ρ) (ρ+ 2)
(M −m) .

Proof. Using the Lemma 2.1, we have

1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

− 2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃
=

(κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

[︃∫︂ 1

0

(︃
γρ − 4

3

)︃(︃
ξ′
(︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃)︃)︃
dγ

+

∫︂ 1

0

(︃
γρ +

1

3

)︃(︃
ξ′
(︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

)︃)︃
dγ

]︃
=

(κ− ℵ)
2ρ+1δ (ρ) Γ (ρ)

[︃(︃∫︂ 1

0

(︃
γρ − 4

3

)︃(︃
ξ′
(︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃)︃)︃
− m+M

2

)︃
dγ

+

(︃∫︂ 1

0

(︃
γρ +

1

3

)︃(︃
ξ′
(︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

)︃)︃
− m+M

2

)︃
dγ

]︃
.

(5)

By taking the mod of (5), we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)

−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)

2ρ+1δ (ρ) Γ (ρ)

[︃∫︂ 1

0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓ ⃓⃓⃓⃓
ξ′
(︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃)︃
− m+M

2

⃓⃓⃓⃓
dγ

+

∫︂ 1

0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓ ⃓⃓⃓⃓(︃
ξ′
(︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

)︃)︃
− m+M

2

⃓⃓⃓⃓
dγ

]︃
.

Fromm ≤ ξ′ (γ) ≤ M for γ ∈ [ℵ, κ], we have⃓⃓⃓⃓(︃
ξ′
(︃
(1− γ)ℵ+ γ

(︃
ℵ+ κ

2

)︃)︃)︃
− m+M

2

⃓⃓⃓⃓
≤ M −m

2
, (6)

and ⃓⃓⃓⃓(︃
ξ′
(︃
(1− γ)

(︃
ℵ+ κ

2

)︃
+ γκ

)︃)︃
− m+M

2

⃓⃓⃓⃓
≤ M −m

2
. (7)

By using (6) and (7), we have⃓⃓⃓⃓
1

3

[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 2 (1− ρ)

δ (ρ)
ξ (z)
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−2ρ−1δ (ρ) Γ (ρ)

(κ− ℵ)ρ
[︃
AB

ℵİ
ρ
ℵ+κ

2

ξ

(︃
ℵ+ κ

2

)︃
+AB

ℵ+κ
2

İρ
κ
ξ

(︃
ℵ+ κ

2

)︃]︃⃓⃓⃓⃓
≤ (κ− ℵ)

2ρ+2δ (ρ) Γ (ρ)

(︃∫︂ 1

0

⃓⃓⃓⃓
γρ − 4

3

⃓⃓⃓⃓
dγ +

∫︂ 1

0

⃓⃓⃓⃓
γρ +

1

3

⃓⃓⃓⃓
dγ

)︃
≤ (κ− ℵ) (4ρ+ 1)

2ρ+2δ (ρ) Γ (ρ) (ρ+ 2)
(M −m) .

Hence proved.

Remark 2.4. If we choose ρ = 1, in Theorem 2.5, we get⃓⃓⃓⃓
⃓⃓13
[︃
2ξ (ℵ)− ξ

(︃
ℵ+ κ

2

)︃
+ 2ξ (κ)

]︃
− 1

κ− ℵ

κ∫︂
ℵ

ξ (u) du

⃓⃓⃓⃓
⃓⃓ ≤ 5 (κ− ℵ)

24
(M −m) .

The graph representation of the error bound is illustrated in Figure 3.

Figure 3: Graphical representation of the error bound in Remark 2.4, for ξ (u) = eu and s ∈ [ℵ, κ] = [14, 18], where s denotes the
evaluation point used to compare the left and right hand sides of the inequality.

3 Applications

This section is devoted to applications involving the quadrature formula and q−digamma func-
tions.

3.1 Application to quadrature formula

Let in the interval [σ, γ]with partitioning Z is the set of points σ = Ĺ0 < Ĺ1 < Ĺ2 . . . < Ĺn = γ,
and consider

γ∫︂
σ

ν (ν) dν = ℵ (ν, Y ) +R (ν, Y ) ,
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where

ℵ (ν, Y ) =

n−1∑︂
İ=0

(︃
νİ+1 − νİ

3

)︃(︃
2ν (νİ)− ν

(︃
νİ + νİ+1

2

)︃
+ 2ν

(︁
νİ+1

)︁)︃
,

and R (ν, Y ) constitute the considering approximation error.
Proposition 3.1. Let a differentiable function on (σ, γ) from ν : [σ, γ] → R with 0 ≤ σ < γ and
ν ∈ Ĺ [σ, γ]. If

⃓⃓⃓
ν

′
⃓⃓⃓
is a convex, then the following inequality holds,

R (ν, Y ) ≤
n−1∑︂
İ=0

(︁
νİ+1 − νİ

)︁
2ρ+1δ (ρ) Γ (ρ)

(︃
7 + 13ρ

12 + 12ρ

)︃[︂⃓⃓⃓
ν

′
(νİ)

⃓⃓⃓
+
⃓⃓⃓
ν

′ (︁
νİ+1

)︁⃓⃓⃓]︂
.

Proof. The result is obtained from the Theorem 4, applied to the sub intervals
[︁
νİ + νİ+1

]︁
where(︂

İ = 0, 1, . . . , n− 1
)︂
of the partition of Z, with ρ = δ (0) = δ (1) = 1, we have⃓⃓⃓⃓

⃓⃓⃓1
3

(︃
2ν (νİ)− ν

(︃
νİ + νİ+1

2

)︃
+ 2ν

(︁
νİ+1

)︁)︃
− 1

νİ+1 − νİ

νİ+1∫︂
νİ

ν (u) du

⃓⃓⃓⃓
⃓⃓⃓

≤
(︁
νİ+1 − νİ

)︁
2ρ+1δ (ρ) Γ (ρ)

(︃
7 + 13ρ

12 + 12ρ

)︃[︂⃓⃓⃓
ν

′
(νİ)

⃓⃓⃓
+
⃓⃓⃓
ν

′ (︁
νİ+1

)︁⃓⃓⃓]︂
.

(8)

Multiplying both sides of (8) by
(︁
νİ+1 − νİ

)︁
, summing for İ = 0, 1, . . . , n − 1, and applying the

triangular inequality, the desired result is obtained.

3.2 q−digamma functions

Let 0 < q < 1, the q−digamma functions 𭟋, is the q analogue of the digamma function q
defined as [23].

𭟋 = − ln (1− q) + ln q

∞∑︂
k=0

qk+ν

1− qk+ν

= − ln (1− q) + ln q

∞∑︂
k=0

qkν

1− qk
.

The q−digamma functions 𭟋 for q > 1 and ν > 0, is defined as,

𭟋 = − ln (q − 1) + ln q

[︄
ν − 1

2
−

∞∑︂
k=0

q−(k+ν)

1− q−(k+ν)

]︄

= − ln (q − 1) + ln q

[︄
ν − 1

2
−

∞∑︂
k=0

q−kν

1− q−k

]︄
.

Proposition 3.2. Let ℵ, κ ∈ R with 0 ≤ ℵ < κ, then we have⃓⃓⃓⃓
⃓⃓13
[︃
2φ

′

q (ℵ)− φ
′

q

(︃
ℵ+ κ

2

)︃
+ 2φ

′

q (κ)

]︃
− 1

κ− ℵ

κ∫︂
ℵ

φ
′

q (u) du

⃓⃓⃓⃓
⃓⃓ ≤ 5 (κ− ℵ)

24

[︂⃓⃓⃓
φ

′′

q (ℵ)
⃓⃓⃓
+
⃓⃓⃓
φ

′′

q (κ)
⃓⃓⃓]︂
.
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Proof. The result is obtained from the Corollary 2.2, ν (ε) = φ
′

q (ε), ε > 0, ν (ε) = φ
′′

q (ε) is convex.

Proposition 3.3. Let ℵ, κ ∈ R with 0 ≤ ℵ < κ and 1

p
+

1

q
= 1, q > 1 then we have⃓⃓⃓⃓

⃓⃓13
[︃
2φ

′

q (ℵ)− φ
′

q

(︃
ℵ+ κ

2

)︃
+ 2φ

′

q (κ)

]︃
− 1

κ− ℵ

κ∫︂
ℵ

φ
′

q (u) du

⃓⃓⃓⃓
⃓⃓

≤ κ− ℵ
4

(︄ (︁
4p+1 − 1

)︁
3p+1 (p+ 1)

)︄ 1
p

⎡⎢⎢⎣
⎛⎝3

⃓⃓⃓
φ

′′

q (ℵ)
⃓⃓⃓q
+
⃓⃓⃓
φ

′′

q (κ)
⃓⃓⃓q

4

⎞⎠
1
q

+

⎛⎝
⃓⃓⃓
φ

′′

q (ℵ)
⃓⃓⃓q
+ 3

⃓⃓⃓
φ

′′

q (κ)
⃓⃓⃓q

4

⎞⎠
1
q

⎤⎥⎥⎦ .

Proof. The result is obtained from the Corollary 2.3, ν (ε) = φ
′

q (ε), ε > 0, ν (ε) = φ
′′

q (ε).

4 Conclusion

Fractional inequalities continues to be a vibrant research areas, offering valuable tools formod-
eling complex phenomena in natural and applied sciences. In this work, we introduce a new
identity and formulate a fractional analogue of the Milne-type inequality within the framework
of the Atangana-Baleanu fractional operator. Leveraging this identity, we derive refined bounds
and estimates by employing classical inequalities such as the power mean inequality, Hölder’s
inequality, and results for bounded functions. Applications are also presented, including for the
q−digamma function and error estimates in quadrature formulas. A graphical illustration is pro-
vided to visualize the analytical behavior of the established inequalities, highlighting the accuracy
and consistency of the derived results.

Future research may focus on extending the present results by incorporating broader classes
of convex functions, employing alternative fractional operators, or developing hybrid approaches
that merge analytical and numerical techniques. Such directions could yield more generalized
formulations, deeper theoretical insights, and wider applicability across mathematical analysis.
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