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Abstract

Fractional calculus serves as a fundamental framework in mathematics, applied sciences, and
the study of integral inequalities, offering versatile tools for modeling complex phenomena. This
study focuses on establishing new Milne-type inequalities for various classes of functions within
the framework of Atangana-Baleanu fractional integrals. The main contributions include frac-
tional Milne-type inequalities for bounded functions, derived as special cases of the presented
theorems and supported by illustrative examples. Furthermore, the work presents applications
to the g—digamma function and provides refined error estimates associated with the generalized
Milne-type quadrature formula.
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1 Introduction

Convexity plays an important role across numerous mathematical and applied disciplines, in-
cluding economics, optimization, game theory, and the study of integral inequalities. For suffi-
ciently smooth functions, convexity is typically characterized by the sign of the second derivative.
Owing to its vast applicability, the concept has undergone significant generalizations and exten-
sions over time. Its intrinsic connection with inequality theory has been particularly influential,
facilitating major advances in areas such as differential equations, numerical analysis, and opti-
mization theory. This synergy has inspired the development of stable and accurate analytical and
computational techniques capable of handling increasingly complex systems. For detailed discus-
sions on quadrature formulas and related results, the reader is referred to [4, 8]. The fundamental
definition of convexity is given as follows;

Definition 1.1. [19] If¢ : [ — R is convex on I and let I be a convex set on R then,
EOR+ (1 =7)r) <R+ 1 =7)E(k),

forall R,k € I and~ € [0,1].

Integral inequalities are powerful analytical tools with wide-ranging applications in areas such
as spectral analysis, approximation theory, statistics, and distribution theory. They play a key
role in providing precise bounds and estimates, which are essential for analyzing mathematical
models and addressing problems across multiple disciplines. In particular, research on numer-
ical integration and its associated error estimates holds an important place in the mathematical
literature. Many studies focus on deriving inequalities that yield error bounds for various classes
of functions, including bounded and Lipschitz functions. These bounds are instrumental in as-
sessing the accuracy and stability of numerical integration schemes. In this context, Simpson-type
inequalities have been formulated for different classes of convex functions [24].

Fractional calculus represents a major advancement over classical analysis, as it extends in-
tegral and differential operators to non-integer orders. This generalization provides a powerful
framework for modeling systems with memory and hereditary effects. It is particularly valuable
for describing dynamic processes and complex materials. Its ability to capture intricate behav-
iors has led to widespread applications across scientific and engineering disciplines, demonstrat-
ing both versatility and significant impact. You may find detailed examples and real-world uses,
[26, 21].

The study of error estimates for differentiable, twice differentiable, and n—times differentiable
functions remains a fundamental aspect of mathematical analysis. In this regard, trapezoid-type
inequalities have been established for several categories of functions, such as differentiable convex
functions [15], bounded functions [12, 13], Lipschitz functions [3], functions of bounded variation
[14], twice differentiable convex functions [28] and Ostrowski-type inequalities based on multi-
step linear kernel [2] have further refined existing bounds. Fractional extensions of trapezoid-type
inequalities have been addressed in [30], while midpoint-type inequalities have been developed
for fractional integrals [18], differentiable convex functions [20], and twice differentiable convex
functions [29]. More recently, a growing body of work [17, 27] has focused on deriving significant
new inequalities, including those of Simpson’s type which is defined as,
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where ¢ : [N, k] — R is a four time differentiable function on (R, k) and

Je], = su
z€(N,K)

@ (ac)‘ < 0.

Definition 1.2. Suppose that £ : [N m] — R is a four-times continuously differentiable mapping on (R, k),
and let ||EW||__ = sup,eqn ) [€P (2) dz| < oc. Then, one has the inequality [6] as followed,

’;{2E(N)€<N;H>+2 ] /5

Definition 1.3. [22] Let & € LR, &], p > 0 then the left and right sides of Riemann-Liouville fractional
integrals is defined as:

< g Il
- 23040 Hf

6 ==~ (ﬁ-—v)p_lf(v)dv, L>x,

i2£() = wr (v—ﬁ)p_lf(v)d% i<n,

where, T" (p) is gamma function,

ey =1 () =¢€().

Theorem 1.1. [7] Let £ : [X, k] — R be a differentiable function on I°, X,k € I° with X < r, where
& e LN, k]. If |¢'] is convex function on [R, k], then we get the following inequality holds,

5 0o —e (55 ] R s (557 e (557
< ES (252 G ol +1¢ D

Proposition 1.1. If we take p = 1 in Theorem 1.1, we have

1 N+ kK

e (557 rasen] - s
Theorem 1.2. [7] Let £ : [R, k] — R be a differentiable function on I°, X,k € I° with X < k, where
& € LN, k. If |¢'| is an L-Lipschitz function on X, k], then we get the following inequality holds,

oo (57 eason] - HEE R e (55) s (7))

_ (k—=R)* (p+38 .
DY p+2)

( R)

(16" () + 1€ (m)]) -

Proposition 1.2. If we take p = 1 in Theorem 1.2, we have

‘;[2€<N>—5(N;“>+2ﬁ } / £

N)2
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Definition 1.4. [11] Let H (X, ) be the Sobolev space of order one defined as,
H' (N,x)={ge L*(N,k): g € L*(N,k)},

L2(N k) = {g(z): (/:g%z)dzf <oo}.

Let € € H (N,k), X < K, p € [0,1], then the notion of left derivative in the sense of Caputo-Fabrizio is
defined as,

where

(z 'Y)P
(K77 Dre) ( 1_ / € ( dy,

where z > p and the associated integral operator is

CF _l-p,, :
(19 () = 5 Re )+ ()/ £ () d,

where B (p) > 0 is the normalization function satisfying 3(0)
derivative is defined as follows, respectively,

(§FPD%) (2) =€ (2),
(§FPDYE) (2) =€ (2) — £ (V).

B(1) = 1. For p=0,p = 1, the left

For the right derivative operator,

(£7PDre) (2) = @/ ¢ () e 5 ay,

where z < k and the associated integral operator is

1—
CFyp —
€712 ()= 56 + 505 [ €0
where B (p) > 0 is a normalization function that satisfies [3( )=p4(1)=1.

Theorem 1.3. [25] Let £ : [N, 5] — R be a differentiable function on 1°, X,k € I° with X < k, where
& € LN, k]. If ¢ is an L-Lipschitz function on X, k|, then we have

7(k—N)?
24

Theorem 1.4. [25] Let £ : [N, k] — R be a differentiable function on I°, X,k € I° with X < k, where
&' € LN, K]. If there exits constants —oo < m < M < +oo such that m < &' (v) < M, forall v € [N, k],
then we have

5 00— (F57) +2e0)] - TG € P 0+ (120 ()] + 2P )

(k
5(k —R)
24

< L.

(M —m).
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The concept of the Atangana-Baleanu fractional integral operator was first established by Atan-
gana and Baleanu [5] and it is defined in the following form.

Definition 1.5. [1, 5] The fractional integral operator with non-local kernel of function € € H (X, ) is
defined as,

ABp 717p p 14 K P _Zp—l .
B E) = GO+ ot [ E@ G- e

and right hand sides of AB-fractional operator,

- X
PR = SOt gy | daE e

Recent research has advanced the theory of integral inequalities through the incorporation of
fractional operators and kernel-based techniques. Milne- and Hermite-Hadamard-type inequali-
ties have been developed using multiplicative calculus [32], and new fractal-fractional parametric
inequalities have been introduced [10]. Bullen-type inequalities have been derived via fractional
integral operators [16]. Additionally, trapezoid-type inequalities involving proportional Caputo-
hybrid operators [31] and fractional Milne-type inequalities with applications in applied mathe-
matics [9] have been formulated. Collectively, these studies underscore the continuing evolution
of convexity-based and fractional inequality analysis in contemporary mathematical research.

The main aim of this work is to establish a new identity for the Atangana-Baleanu operator.
Using this identity, we derive a fractional variant of Milne-type inequalities for functions whose
absolute values of derivatives exhibit convexity. The approach incorporates well-known inequal-
ities such as the power mean inequality and Holder’s inequality, as well as results for bounded
functions, to obtain supporting estimates. Finally, several applications are presented, including
refinements for special means and error bounds for quadrature formulas.

2 Main results

We begin by formulating a Milne-type integral identity for the Atangana—Baleanu fractional
integral, which serves as a foundational component of this study.

Lemma 2.1. Let a differentiable function on (R, ) from € : [N, k] — R, with R < k. If¢ " € L [N, k] with
0 < p < 1, then the following equality holds,

3 20— (555 vase] - 2o Peco

d(p)
A i (E52) (52
ngg(p)}?(m[{(vp—g)ﬁ’[(1—7)N+7<N;H)]dy 1)

; { (vg)efa-(555) +m] ch] |
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Proof. Integration by parts, each integral can be evaluated as follows,

=l ()
0
:<7p_§>£(1—v)(i;;(}?):_ O

— 3(H2_ 9 [_g (N;“) + 4¢ (N)} — HQ_/)N/’YP_lf [(1 — V)N +7 (N;”ﬂ dy
0
= st e € (o) o))

B (k —R) 2t | N+ kK B pl
20715 () T (p) {(HN)erl {5(9)( > y) dy}

Simple calculation analogously,
[l )l () o
0
_ (7‘)+ ;) €1 —7)(2{”)) +7f€|(1) _ R%NZV/HS [(1 — ) (N;—m) +W] »
“ e e 140 (5)])
_ 2p+§§ (_p)NIZ ) { (KJQ_[)J:;H /f(y) (y_ N;-fe)pldy}
- s [0 5 (55| - =i 0 (-55)
3)
By adding (2) and (3) and adding %5 (2), we get
I= (jl +I'2) + 2(51(;)p)€(2)
~ 50t |30~ 56 () + 360
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Iz <n1— R)? {up)pr (0) / W (y‘ N;H)pldy

= g5ore <O 3¢ (57 5ee)
G | it (55 # e (5| - 255 e

276 (p) ' (p)
2

Hence, by multiplying the above result by , we obtain our required identity (1). O

Remark 2.1. In the above Lemma 2.1 put p = 1, we get

;[%(N)—g(N; )+2§ ] /5
N[ 7—* (—W)N‘F’Y(N;H)}Ch

(e w(N;f@)w}dw].

0

O\H

We now proceed to state the principal inequality associated with convexity.

Theorem 2.1. Let a differentiable function on (X, k) from € : [N, k] — R, with R < k. If€" € L [N, r]
with 0 < p < 1land |£'| is a convex on [N, k], then the following inequality holds,

‘;{25(%2)—5(1\2;%)4—25()} 2(1_%(2)
R s s(M) 126 (557

(k=N
< g |~ Tt 7)€ OIHE @)
) 1 2 N
(6 e [ (59
Proof. From Lemma 2.1 and convexity, it follows that,

‘; {25(&) s (N;“> +2§(r»:)} - 2(51(p)p)§(Z)

20715 ()T (p) [aB ; RAKY _ap_ oo (RAEF
St [t (55) e e (557
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(%) | N
K — + K
< - "1(1=~)R - d
<gmsgirg | [0 3)[¢ [a- e (50|
0
N+ kK
’Pl—w<2)+74

1
Kk —N)
= 25 ()T () /

p_ =
3

dy

v g’ ((1—7> € (9] +7

¢ (%5
() [+ ) an
S K; . Hlp) (1€ V)] + I¢’ ()

(5,1 2 (Rt K
6 1+p 2+4p 2 '

The proof is completed. O

Corollary 2.1. In Theorem 2.1, we use the further convexity of |£'|, we have

3 20— (B5) 26| - 2 e

i e () e ()|

(H*N) 7+13p / /
< e (1o ) 1€ 0O1+1€ (9.

Remark 2.2. Choosing p = 1 in the Corollary 2.1, we have

o e () e }—/5 U ORI

The graph representation of the error bound is illustrated in Figure 1.

x10°
2.5246 T T T T T T T
e |__H.S of Inequality
R H.S of Inequality

2.1640 -

1.8033

1.4426
¢

1.0820

0.7213

0.3607

0 1 1 L
14 14.5 15 156.5 16 16.5 17 17.5 18
S

Figure 1: Graphical representation of the error bound in Remark 2.2, for § (u) = e and s € [RN, k] = [14, 18], where s denotes the
evaluation point used to compare the left and right hand sides of the inequality.
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Theorem 2.2. Let & : [N, k] — R be a differentiable function on (N, k) with X < k,0 < p < 1. If

¢ e LR k] and mapping |¢'|* with ¢ > 1 and ! + 1o 1, is a convex on [N, k], then the following
p g

inequality holds,

3 [2e00-¢ (555 +2em)] - 26 Pe o

S s (57) Jﬂf(“”)H
(k — ) (4r+1 — 1)
= 20415 (p)T <3P+1 (p+1) p—|—1

X[(K% I <N;ﬂ>q);*< +|€(@P);].

Proof. Again by using Lemma 2.1, we have

’;Pam—f<N+“)+zﬂm]—2u_m€®>

()

2 é(p)
_W {A%jﬁ;ﬁg(wfﬁ) AP e (N;,@)”
W[/ o (e @

N
¢ |a-(557)
Using Holder’s inequality in (4) and convexity of |¢|?, we have
1 N 2(1 -
3 [2e00 - ¢ (555 +2em] - 26 P

3 (p)
2715 (p)T (p) [ABN['/J §<N+”) L AB njp€<N+K’):H
N;rm -gh w 2

(k —N)” 2

(k) 1

= 2T (o) ({

1 1 )

+ ,yl) + _
i

(5 —N) 1

= 2 5 ()T () ([

m] |
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1 » 1 Ntk
+ [ dy [((1v)£<2 >
O k=w) (@ -1)\T 1N\
2070 (p) T (p) (31’“ (p+1)> <p+1)

x [(w i+ e (25 ) = (le (B2 e <K>Q);] .

The proof is completed. O

=

1 q
A
73

T W) dy

Remark 2.3. In Theorem 2.2, by choosing p = 1, then we have

32600 -¢ (555 vac o) - iNfg () du
N

(k=N) [ (4771 -1) » 1€ N7+ 1€ ()TN © (1€ W7 +31¢ (W)["\ 7
<G () [ (B ey (e ),

The graph representation of the error bound is illustrated in Figure 2.

x10°
3.2528 T T T T T T T
e | H.S of Inequality
R H.S of Inequality
2.7881 |-
2.3234
1.8587
§
1.3941
0.9294
0.4647
0
14 14.5 15 15.5 16 16.5 17 17.5 18
s
Figure 2: Graphical representation of the error bound in Remark 2.3, for { (u) = e" and s € [RN, k] = [14, 18], where s denotes the

evaluation point used to compare the left and right hand sides of the inequality.

Theorem 2.3. Let £ : [N, k] — R be a differentiable function on (N, k) with X < k, 0 < p < 1. If
¢' e L [N, x] and mapping |¢'|* with ¢ > 1 is a convex on |R, ], then the following inequality holds,

3200 -¢ (555) v2eim]| - 26 e

29—1(5(p)F(p) AB R+ K B ' N
el it (55 + e s (55

R FCOE T
S2”“5(p>F(,0) l(‘S p+1)
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N+ kK

(ES)

N+ k| 1
+ —
)|+ (G

)
’(

2

)

p+2)m<n)ﬂ.

Proof. Assuming ¢ > 1 and using Lemma 2.1, along with the power mean integral inequality and

convexity of [¢'|?, we derive

‘:1,) [2§(N>—5(

20715 (p) T
(k=X

N+ kK
2

pg'

~ 20t (p) I

ST (p) M K

) ot (s
)p(p) [ Igﬂg <N

| -t
;”) +48y,, 7 (

N+ K
2

)]

¢ [(17)N+7<N;H)Hdv

+Z ’ [1— )(bz;'{>+m} d'y]
. L N
e ({ ”p‘;l"”) ({ vl Ja=mmea (355 dy)
(fbetln) (sl (52) o)
e (1) (e o -Gt ()
+<3+pi1)l_q (G ) [ ) (6 M?)I&()I)q].

The proof is completed.
Theorem 24. Let ¢

¢ e L N, k) and mapping | ¢'|* with q > Land !

inequality holds,

HECRI

2715 ()T (p

N+ kK

)p( ) {AB i2,.€

+1=1,

) ra] %

N+

KR

<>+

O

[N, k] — R be a differentiable function on (X, k) with X < x, 0 < p < 1. If

is a convex on [R, k|, then we get the following

(2)

e 78 <

N+ K
2

)|

(k=N
(k — ) 1(p (4ptt —1) 37177
205 (p) T (p) |p L+p

)
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| ((Ié’ (V1 + [¢ (352) ) (\s’ (2] + 1 <n>|q))]
+= - :
q p+1 p+1

Proof. From Lemma 2.1, we get

‘; [25(&) —¢ (N;H) +2£(m)} - 2(51(;)’))6(2)

2 3 [ N+ Kk . N+ K
AR [y () 4 (5]
&

<z((s<_p>b?<p>{/” s e [ (55)

3
—I—] ! ¢ [(1 —7) (N;K) +’yn} d’y] .
0

Py
vl
By using the Young’s inequality, we have

‘; [25(&) .y (N;K) +2£(n)} - 2(51(;)[))5(2)

20715 (p) T (p) {ABNI-L f(N—!—;—@) LAB, g <N—|—/-€>H

(k — R)? 2
<t | (-3 ) +3 ([l (amen (45|
0 0

|
Il

2

4

+ (;Z v”+§pd7> +é (Z ¢ [(1—7) <N2+F”> +m} dy)q]
T [ ;/ P;‘pdv) + (/ (a-migoor+ale (255)]) dv)

e W) dv)]

P 1p 1 ' _ ’ N+K)
4 dy +q<[<(1 ’y)‘€< ! )
< (k — ) 1(p (4ptt —1) 37177
2015 (p) T (p) |p L+p

N R R A C S el
+§ p+1 + p+1 ’

This completes the proof. O

Theorem 2.5. Let € : [N, k] — R be a differentiable function on (X, k) with X < k, 0 < p < 1 where
§/ ) [N, k] . If there exits constants —oo < m < M < +oo such that m < ¢ ' (v) < M, for all

788



N. Bibi et al. Malaysian ]. Math. Sci. 20(2): 777-795(2026) 777 - 795

v € [N, k], then we have

‘; [25 (R) — ¢ <N2+H) + 26 (m)] — 2(51(;)[))5(@

20715 (p) T . N+ x . N+ x
g e (52) (5]

(s~ R) (4p + 1)
S ()T () (pro) T

Proof. Using the Lemma 2.1, we have
3 200 - (F58) + 2600] - 2L

It it () + '”(“ﬂ

“wegrm L, (75) (¢ (0o (7))o

A é)( (0= (555) #30) ) ]

~wirg (), (8) (< (0o (557)) -5
([ ¢ é)(ﬁ(l 0 (555)+m)) - 25 ) o)

\ [ ( )+% | -%
Ct it (5 ) +7% fﬁ(Né”ﬂ
il ‘ ol [¢ (@ (557)) - 5

\ +JK5< < ) ) - o]

\( ( N+7( )= ©
(¢ (a=m (B55) #oe) ) - 5 M < M5 7)

By using (6) and (7), we have

(5)

and

3o - (245 26| - 22
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2715 (p) T (p) {ABij €<N+"¢> L AB jp€<N+"9>H
r 2 B 2

(l€ - N)p 2
G v
<gangrre Uy 75l [ [res] )
(k—N)(4p+1) (M = m)
~ 20125 (p) T (p) (p +2) '
Hence proved. O

Remark 2.4. If we choose p = 1, in Theorem 2.5, we get

;e - (B55) +2c0) —A]fw)du <3Ny .
N

2

The graph representation of the error bound is illustrated in Figure 3.

x107

T T T T T T

T
m—— |_H.S of Inequality
R H.S of Inequality

14 14.5 15 15.5 16 16.5 17 17.5 18

Figure 3: Graphical representation of the error bound in Remark 2.4, for £ (u) = e and s € [RN, k] = [14, 18], where s denotes the
evaluation point used to compare the left and right hand sides of the inequality.

3 Applications

This section is devoted to applications involving the quadrature formula and g—digamma func-
tions.

3.1 Application to quadrature formula

Let in the interval [, 7] with partitioning Z is the set of points o = Lo <li<ly...<L,= v,
and consider

/I/(V)dl/:N(l/,Y)—‘rR(U,Y%

g

790



N. Bibi et al. Malaysian J. Math. Sci. 20(2): 777-795(2026) 777 - 795

where
v — v vi +v;
i+1 Vi I Vit
=52 (50 (- (482) )
i=0
and R (v,Y) constitute the considering approximation error.

Proposition 3.1. Let a differentiable function on (o,~) fromv : [o,7] — Rwith 0 < o < v and
ve Lo If ’u" is a convex, then the following inequality holds,

Z_: (Vig1 — VI' 7+ 13p [u
20015 ()T (p) \ 12+ 12p

=0

/

v (vi)]]

(Vj)) +

Proof. The result is obtained from the Theorem 4, applied to the sub intervals [v; 4 v; ;| where
(f =0,1,...,n— 1) of the partition of Z, with p = 6 (0) = 6 (1) = 1, we have

Vit
1 v (vj) —v UV +2v (Vi) —L/V(u)du
3 2 l/j+1—I/I' (8)

’

v (VI')‘ +

(“i1 —vi) <7+13p> [

S 275 ()T (o) \12+ 129 v (”f“)u'

Multiplying both sides of (8) by (v, , — v;), summing for I = 0,1,...,n — 1, and applying the
triangular inequality, the desired result is obtained. O

3.2 g—digamma functions

Let 0 < ¢ < 1, the g—digamma functions /, is the ¢ analogue of the digamma function ¢
defined as [23].

k=0
kv

:—ln(l—q)—&-lnqz1

gk
im0+ ¢

The g—digamma functions F for ¢ > 1 and v > 0, is defined as,

q(k+1/)

F=-In(¢g—1)+Ing ”_5_ m
1 oo qfk‘u

= ln(g—1)+1 o .
n(g—1)+Ingjv—-g kol_q—k]

Proposition 3.2. Lef X,k € R with 0 < X < &, then we have

;{w;(m—w;(&;“)w }—/wq yau| < 20T
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Proof. The result is obtained from the Corollary 2.2, v (¢) = go; (€),e>0,v(e)= go; (¢) is convex.

O
. . 1 1
Proposition 3.3. Let N,k € Rwith 0 < N < k and 2; + 5 =1, ¢ > 1 then we have
1 ’ r [N+ K ' 1 g /
R
1 1
1 12 q 12 q q 1" q 12 q q
_ron ((@ro V| (3l ] el (0 ey N[ 3oy (v)
=71 ey 1 + 1
Proof. The result is obtained from the Corollary 2.3, v (¢) = go; (€),e>0,v(e) = cpg (e). O

4 Conclusion

Fractional inequalities continues to be a vibrant research areas, offering valuable tools for mod-
eling complex phenomena in natural and applied sciences. In this work, we introduce a new
identity and formulate a fractional analogue of the Milne-type inequality within the framework
of the Atangana-Baleanu fractional operator. Leveraging this identity, we derive refined bounds
and estimates by employing classical inequalities such as the power mean inequality, Holder’s
inequality, and results for bounded functions. Applications are also presented, including for the
g—digamma function and error estimates in quadrature formulas. A graphical illustration is pro-
vided to visualize the analytical behavior of the established inequalities, highlighting the accuracy
and consistency of the derived results.

Future research may focus on extending the present results by incorporating broader classes
of convex functions, employing alternative fractional operators, or developing hybrid approaches
that merge analytical and numerical techniques. Such directions could yield more generalized
formulations, deeper theoretical insights, and wider applicability across mathematical analysis.

Acknowledgement The authors would like to acknowledge the support and contributions from
all parties involved in facilitating this research. We also extend our appreciation to the institu-
tions and individuals who provided valuable insights and assistance throughout the course of
this study.

Conflicts of Interest The authors declare no conflict of interest.

References

[1] T. Abdeljawad & D. Baleanu (2016). Integration by parts and its applications of a new non-
local fractional derivative with Mittag—Leffler nonsingular kernel. Nonlinear Sciences and Ap-

792



N. Bibi et al. Malaysian ]. Math. Sci. 20(2): 777-795(2026) 777 - 795

plications, 10(3), 1098-1107. https://doi.org/10.22436/jnsa.010.03.20.

[2] U.Ali, M. D. Faiz, M. Muawwaz, S. Shabbir, A. Zaman & A. Qayyum (2025). A study of some
new Ostrowski’s type integral inequalities via multi-step linear kernel. Journal of Inequalities
and Mathematical Analysis, 1(2), 97-106. https://doi.org/10.63286/jima.010.

[3] M. W. Alomari (2013). A companion of the generalized trapezoid inequality and applica-
tions. Journal of Mathematical Applications, 36, 5-15. https://doi.org/10.7862/rf.2013.1.

[4] M. W. Alomari & Z. Liu (2013). New error estimations for the Milne’s quadrature formula in
terms of at most first derivatives. Konuralp journal of mathematics, 1(1), 17-23. https://izlik.
org /JA97NH92DX.

[5] A.Atangana & D.Baleanu (2016). New fractional derivatives with nonlocal and non-singular
kernel: Theory and application to heat transfer model. Thermal Science, 20(2), 763-769. http:
//hdl.handle.net/11660/11244.

[6] A.D.Booth (1966). Numerical Methods. Butterworths Scientific Publications, California.

. budak, P. Kosem . Kara . On new Milne-type inequalities for fractional inte-

7] H. Budak, P. K & H. K 2023). O Mil yp qual for f 1
grals. Journal of Inequalities and Applications, 2023(1), Article ID: 10. https://doi.org/10.1186/
s13660-023-02921-5.

[8] H. Budak & A.-A. Hyder (2023). Enhanced bounds for Riemann-Liouville fractional inte-
grals: Novel variations of Milne inequalities. AIMS Mathematics, 8(12), Article ID: 30760.
https://doi.org/10.3934/math.20231572.

[9] H. Budak, H. Kara & H. Ogiinmez (2025). On the fractional inequalities of the Milne type.
Mathematical Methods in the Applied Sciences, 48(11), 10833-10840. https://doi.org/10.1002/
mma.10923.

[10] S. I Butt & A. Khan (2023). New fractal-fractional parametric inequalities with applica-
tions. Chaos, Solitons & Fractals, 172, Article ID: 113529. https://doi.org/10.1016/j.chaos.
2023.113529.

[11] M. Caputo & M. Fabrizio (2015). A new definition of fractional derivative without singu-
lar kernel. Progress in Fractional Differentiation and Applications, 1(2), 73-85. https://www.
naturalspublishing.com/files/published /0gb83k287mo759.pdf.

[12] P.Cerone & S.S. Dragomir (2019). Trapezoidal-type rules from an inequalities point of view.
In Handbook of Analytic Computational Methods in Applied Mathematics, pp. 65-134. Chapman
and Hall/CRC, Boca Raton, Florida.

[13] S. S. Dragomir (2000). On the midpoint quadrature formula for mappings with bounded
variation and applications. Kragujevac Journal of Mathematics, 22(1), 13-19.

[14] S. S. Dragomir (2001). On the trapezoid quadrature formula and applications. Kragujevac
Journal of Mathematics, 23(23), 25-36.

15] S.S. Dragomir & R. P. Agarwal (1998). Two inequalities for differentiable mappings and ap-
8 8 q pping P
plications to special means of real numbers and to trapezoidal formula. Applied Mathematics
Letters, 11(5), 91-95. https://doi.org/10.1016/S0893-9659(98)00086-X.

[16] A. Fahad, S. I. Butt, B. Bayraktar, M. Anwar & Y. Wang (2023). Some new Bullen-type in-
equalities obtained via fractional integral operators. Axioms, 12(7), Article ID: 691. https:
//doi.org/10.3390/axioms12070691.

793


https://doi.org/10.22436/jnsa.010.03.20
https://doi.org/10.63286/jima.010
https://doi.org/10.7862/rf.2013.1
https://izlik.org/JA97NH92DX
https://izlik.org/JA97NH92DX
http://hdl.handle.net/11660/11244
http://hdl.handle.net/11660/11244
https://doi.org/10.1186/s13660-023-02921-5
https://doi.org/10.1186/s13660-023-02921-5
https://doi.org/10.3934/math.20231572
https://doi.org/10.1002/mma.10923
https://doi.org/10.1002/mma.10923
https://doi.org/10.1016/j.chaos.2023.113529
https://doi.org/10.1016/j.chaos.2023.113529
https://www.naturalspublishing.com/files/published/0gb83k287mo759.pdf
https://www.naturalspublishing.com/files/published/0gb83k287mo759.pdf
https://doi.org/10.1016/S0893-9659(98)00086-X
https://doi.org/10.3390/axioms12070691
https://doi.org/10.3390/axioms12070691

N. Bibi et al. Malaysian ]. Math. Sci. 20(2): 777-795(2026) 777 - 795

[17] S. Hussain, J. Khalid & Y. M. Chu (2020). Some generalized fractional integral Simpson’s
type inequalities with applications. AIMS Mathematics, 5(6), Article ID: 5859. https://www.
aimspress.com/article/doi/10.3934/math.2020375.

[18] M. Igbal, M. I. Bhatti & K. Nazeer (2015). Generalization of inequalities analogous to
Hermite-Hadamard inequality via fractional integrals. Bulletin of the Korean Mathematical
Society, 52(3), 707-716. http://dx.doi.org/10.4134/BKMS.2015.52.3.707.

[19] J. L. W. V. Jensen (1906). Sur les fonctions convexes et les inégalités entre les valeurs
moyennes. Acta Mathematica, 30(1), 175-193. https://doi.org/10.1007/BF02418571.

[20] U. S. Kirmaci (2004). Inequalities for differentiable mappings and applications to special
means of real numbers and to midpoint formula. Applied Mathematics and Computation,
147(1), 137-146. https://doi.org/10.1016/S0096-3003(02)00657-4.

[21] B.Meftah, A. Lakhdari, W. Saleh & A. Kiligman (2023). Some new fractal Milne-type integral
inequalities via generalized convexity with applications. Fractal and Fractional, 7(2), Article
ID: 166. https://doi.org/10.3390/fractalfract7020166.

[22] K.S.Miller & B. Ross (1993). An Introduction to the Fractional Calculus and Fractional Differential
Equations. John Wiley & Sons, United States.

[23] D.S. Moak (1980). The g—gamma function for ¢ > 1. Aequationes Mathematicae, 20(1), 278—
285. https://doi.org/10.1007/BF02190519.

[24] A.Munir, A. Qayyum, H. Budak, S. Qaisar, U. Ali & S. Supadi (2025). A fractional version of
corrected dual-Simpson’s type inequality via s—convex function with applications. Malaysian
Journal of Mathematical Sciences, 19(1), 17-33. https://doi.org/10.47836/mjms.19.1.02.

[25] A.Munir, A. Qayyum, L. Rathour, G. Atta, S. S. Supadi & U. Ali (2024). A study on Milne-
type inequalities for a specific fractional integral operator with applications. Korean Journal
of Mathematics, 32(2), 297-314. https://doi.org/10.11568 /kjm.2024.32.2.297.

[26] J. Nasir, S. Qaisar, S. I. Butt, K. A. Khan & R. M. Mabela (2022). Some simpson’s Riemann-—
Liouville fractional integral inequalities with applications to special functions. Journal of
Function Spaces, 2022(1), Article ID: 2113742. https://doi.org/10.1155/2022/2113742.

[27] O. Rholam, M. Barmaki & D. Gretete (2023). Hermite-Hadamard inequalities type using
fractional integrals for MT-convex stochastic process. Malaysian Journal of Mathematical Sci-
ences, 17(3), 473-485. https://doi.org/10.47836/mjms.17.3.14.

[28] M. Z. Sarikaya & N. Aktan (2011). On the generalization of some integral inequalities and
their applications. Mathematical and Computer Modelling, 54(9-10), 2175-2182. https://doi.
org/10.1016/j.mcm.2011.05.026.

[29] M. Z. Sarikaya, A. Saglam & H. Yildirim (2010). New inequalities of Hermite-Hadamard
type for functions whose second derivatives absolute values are convex and quasi-convex.
International Journal of Open Problems in Computer Science and Mathematics, 5(3), 1-11. https:
//doi.org/10.12816/0006114.

[30] M. Z. Sarikaya, E. Set, H. Yaldiz & N. Basak (2013). Hermite-Hadamard’s inequalities for
fractional integrals and related fractional inequalities. Mathematical and Computer Modelling,
57(9-10), 2403-2407. https://doi.org/10.1016/j.mcm.2011.12.048.

794


https://www.aimspress.com/article/doi/10.3934/math.2020375
https://www.aimspress.com/article/doi/10.3934/math.2020375
http://dx.doi.org/10.4134/BKMS.2015.52.3.707
https://doi.org/10.1007/BF02418571
https://doi.org/10.1016/S0096-3003(02)00657-4
https://doi.org/10.3390/fractalfract7020166
https://doi.org/10.1007/BF02190519
https://doi.org/10.47836/mjms.19.1.02
https://doi.org/10.11568/kjm.2024.32.2.297
https://doi.org/10.1155/2022/2113742
https://doi.org/10.47836/mjms.17.3.14
https://doi.org/10.1016/j.mcm.2011.05.026
https://doi.org/10.1016/j.mcm.2011.05.026
https://doi.org/10.12816/0006114
https://doi.org/10.12816/0006114
https://doi.org/10.1016/j.mcm.2011.12.048

N. Bibi et al. Malaysian ]. Math. Sci. 20(2): 777-795(2026) 777 - 795

[31] T. Tung & I. Demir (2025). Some trapezoid-type inequalities for newly defined proportional
Caputo-hybrid operator. Journal of Inequalities and Mathematical Analysis, 1(1), 65-78. https:
//doi.org/10.63286/jima.2025.05.

[32] M. Umar, S. I. Butt & Y. Seol (2024). Milne and Hermite-Hadamard’s type inequalities for
strongly multiplicative convex function via multiplicative calculus. AIMS Mathematics, 9(12),
34090-34108. https://doi.org/10.3934/math.20241625.

795


https://doi.org/10.63286/jima.2025.05
https://doi.org/10.63286/jima.2025.05
https://doi.org/10.3934/math.20241625

	Introduction
	Main results
	Applications
	Application to quadrature formula
	q-digamma functions

	Conclusion

